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Aut(.A) is the group of automorphisms A — A.
EEmb(.A) is the monoid of elementary embeddings A — A.

Q: How much does Aut(A) (respectively EEmb(.A)) as a
permutation /topological /pure group (resp. monoid) know about A?

Fact
Aut(A) = Aut(B) as permutation groups iff A = B up to re-naming formulas.

Theorem (Makkai 1982 and Coquand in Ahlbrandt, Ziegler 1986 )
Aut(A) = Aut(B) as topological groups with Tp,, iff A and B are bi-interpretable.

Here 7, denotes the topology of pointwise convergence on Aut(.A), respectively

Aut(B).
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Theorem (Coquand in Ahlbrandt, Ziegler 1986 and Makkai 1982)
Aut(A) = Aut(B) as topological groups with 1, iff A and B are bi-interpretable.
If Aut(.A) = Aut(B) as pure groups, are A and B still bi-interpretable?

» In general no (Evans, Hewitt 1990)

» Yes, if A, B have the small index property, i.e. open subgroups of Aut(.A) are
precisely those with countable index.

If EEmb(.A) = EEmb(B) as monoids, are A and B bi-interpretable?
» In general no (Bordirsky, Evans, Kompatscher, Pinsker 2016)
» Yes, if A is G-finite (Lascar 1982).
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Lascar's reconstruction theorem

Theorem (Lascar 1982)

Let A and B be countable and w-categorical. Suppose A is G-finite. If there is a
monoid isomorphism F : EEmb(.A) — EEmb(B), then A and B are bi-interpretable.

Notes on a reconstruction theorem of Lascar 15 December 2025

4/9



Lascar's reconstruction theorem

Theorem (Lascar 1982)
Let A and B be countable and w-categorical. Suppose A is G-finite. If there is a

monoid isomorphism F : EEmb(.A) — EEmb(B), then A and B are bi-interpretable.

By Makkai—Coquand—Ahlbrandt—Ziegler, reduces to showing that F restricts to a
homeomorphism (Aut(A), 7o) — (Aut(B), Tpw ).

Notes on a reconstruction theorem of Lascar 15 December 2025

4/9



Lascar's reconstruction theorem

Theorem (Lascar 1982)
Let A and B be countable and w-categorical. Suppose A is G-finite. If there is a

monoid isomorphism F : EEmb(.A) — EEmb(B), then A and B are bi-interpretable.

By Makkai—Coquand—Ahlbrandt—Ziegler, reduces to showing that F restricts to a
homeomorphism (Aut(A), 7o) — (Aut(B), Tpw ).

Notes on a reconstruction theorem of Lascar 15 December 2025

4/9



G-finiteness

For X C A, write Autx(.A) for the pointwise stabilizer of X.
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For finite X C A, write Autf(.A/X) for the subgroup of Autx(.A) generated by the set
{f € Autx(A) | IM = A, X CA <M, f € Aut(M): FCF, f e AutA/(M)}.

Call Autf(.A/X) the group of Lascar-strong automorphisms of A over X.!
Note that Autf(.4/X) is normal.

UIf A'is stable then Autf(A/X) = Aut,ge(x)(A).
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G-finiteness

Let 7, be the topology on Aut(.A) generated by cosets of Autf(.4/X), for X C M
finite.
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finite.

Note: 7, C 7, since Autf(A/X) C Autx(A).

Definition (A w-categorical)

Say A is G-finite if 7, = 7. That is, for every finite X C A, there is a finite set
Y C A with Auty(A) C Autf(A/X).2

2For T stable: Aut(.A/acl®(X)) has finite index.
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A Continuity Theorem

The central step of Lascar's Reconstruction Theorem is as follows.
Lemma (Lascar 1982)

Let F : EEmb(.A) — EEmb(B) be an isomorphism of monoids. Then the restriction
F: (Aut(A),7) = (Aut(B), Tpw) is continuous.
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The central step of Lascar's Reconstruction Theorem is as follows.

Lemma (Lascar 1982)

Let F : EEmb(.A) — EEmb(B) be an isomorphism of monoids. Then the restriction
F: (Aut(A),7) = (Aut(B), Tpw) is continuous.

From this, we can derive Lascar's theorem theorem:

If additionally, A is G-finite, we obtain continuity of

F: (Aut(A), Tpow) = (Aut(B), 7pw).

By an open mapping theorem for Polish groups, F : (Aut(.A),TpW) — (Aut(B),TPW)
is a homeomorphism.

Bi-interpretability follows by Ahlbrandt-Ziegler—Coquand—Makkai.
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A Continuity Theorem

Theorem (Lascar 1982)

Let F : EEmb(.A) — EEmb(B) be an isomorphism of monoids. Then the restriction
F: (Aut(A),71) = (Aut(B), 7pw) is continuous.
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A Continuity Theorem

Theorem (Lascar 1982)

Let F : EEmb(.A) — EEmb(B) be an isomorphism of monoids. Then the restriction
F: (Aut(A),71) = (Aut(B), 7pw) is continuous.

Proof structure: Fix a finite set Y C B. Find models A1, A> < A that are
(i) sufficiently large that F( Auta, (A) U Auta, (.A)) C Auty(B).

(i) sufficiently independent® over a finite set X that
Autfx(A) = (Aut g, (A) U Aut4,(A));

Then I:_(Autf(A/X)) C Auty(B). The statement follows.

Note: This only uses saturation of A, not w-categoricity.

3When A is stable, this is non-forking

Notes on a reconstruction theorem of Lascar 15 December 2025

8/9



[1]

]

3]

[4]
[5]

Gisela Ahlbrandt and Martin Ziegler. “Quasi-finitely axiomatizable totally
categorical theories”. In: Ann. Pure Appl. Logic 30.1 (1986), pp. 63-82. 1SSN:
0168-0072,1873-2461.

Manuel Bodirsky, David Evans, Michael Kompatscher, and Michael Pinsker. “A
counterexample to the reconstruction of w-categorical structures from their
endomorphism monoid”. In: srael J. Math. 224.1 (2018), pp. 57-82. 1SSN:
0021-2172,1565-8511.

David M. Evans and P. R. Hewitt. “Counterexamples to a conjecture on relative
categoricity”. In: Ann. Pure Appl. Logic 46.2 (1990), pp. 201-209. 1SSN:
0168-0072,1873-2461.

Daniel Lascar. “On the category of models of a complete theory”. In: J. Symbolic
Logic 47.2 (1982), pp. 249-266. 1sSN: 0022-4812,1943-5886.

M. Makkai. “Full Continuous Embeddings of Toposes”. In: Transactions of the
American Mathematical Society 269.1 (1982), pp. 167-196. 1sSSN: 00029947.
(Visited on 12/14/2025).

Notes on a reconstruction theorem of Lascar 15 December 2025

9/9



	References

